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• We look at the momentum operator in 3 DIMENSIONS

which has the four :

I = - it ?

= -

it / If + j? + I ? ]

what are the eigenfunctious of this operator ?

We show that the wavefunction

✗ (E) = 41×11,2-1 = 4×1×1 4g (g) 4z(E)

ikxx
where 4× (x) = Ax e

4g (g) = Ay e.
ikat

Tz (Z) = Az eikzZ

In order to do that
,
we apply & on + (E)

If these derivatives act only
on the respective variablesÑ ✗ (E) = - it I 4 leaving + (E)

" intact "
-

= - it [ If + JOY + E)z ] 4×1×1 4g (g) 42-4)

=
- it / I ( ikx ) + if ( iky ) + I like )] + (E)

:P ✗ (e) = to [ k× I + kyj the E) + (E)



this wave function 4k )
, eigenfuuction of & ,

is a 3D PLANE WAVE =D let's see why
"

plane
"

+ (E) = 4×1×1 4g (g) 4z(E)

=
A-
✗ Ayaz ei

(↳ ✗ + kyf + kz -2 )

= A e

i E. I

4
,

the vector k is the constant momentum 2- ^
;

I [ I

1

of the wave
.

We know that a
[

7

i.
wavefront is identified by a E

'

÷
CONSTANT PHASE of the wave

,
I &

<
✗

therefore E. I = const
.

As shown in the picture ,
all the vectors I have the

same projection along the WAVEFRONT L K , therefore
constant phase .

Note that the wavefront is a plane ,

therefore PLANE WAVE
,
in this case in 3D

.

• What about the 3D Schiidiuga equation ?

£2[ - - V2 + ✓ ( ✗ , g. 2- ) ] U(x.y.tt ) = E u A. y ,
't )

2mn

where 02
= 7 . I = [ 92
-

i
i

1
LAPLACE OPERATOR

e.
g.

in ⇒ Ff = ¥1 + + ¥,
OY2



If the potential can be separated ,

✓ ( ×
, y ,

-2 ) = V1 (x) + V2 ( y ) + ↳ (z )

then we can find a solution to the equation
of the form

u (×
, y ,

z ) = ✗ (x ) ✗ (g) 2- (z )

( - tÉ V2 + ✓ ( × , g. 2- ) ] U(x.y.tt ) =

= [ - tÉ ☐
'

+ Vnlx)+Vz(g) + ↳☒ ✗ (x ) Y (g) 2- (E)

~

0×2+05+5.2
= - ±[ I # ✗ IYZ + ✗ jY)z + ✗ Y4-2ZI ] +

+ [ V, (x ) + V2 (g) + V3 (z ) ) XYZ = E XYZ

divide everything by u(× ,y ,
t ) = ✗ YZ



→ E = f- In f- É✗ + K(x ) ) +

+ 1- Ein f- 0jY + V24 ) ) +

+ (- II £722 + V
> (z ) )

therefore ,
the sum of these brackets has to be

CONSTANT ( = E) .

We want this equation to be true for every

✗
, y ,

2-
, therefore EACH bracket has to be

a CONSTANT ITSELF
.

En (etc . for the others )

E = l-ET-E-v.FI +

+ 1- Ein f- 0jY + V24 ) ) +

+ (- II £722 + V
> (z ) )

= En + Ez + Ez

NB_

An example of separable potential is the 3D box
.



• the
eigen energy of a particle in a 3D box is

thi ni ni
Ehr

, hair}

=
- ( AT +

I
-1 k¥ )

8in

Here
,

we consider the special case a=b=c

therefore

E thi
( ni-ni.tn ? )hi

,
h
2 , hz

= -

8ha
?

If we set one of the hi = 2 and fix

the others to 1 we have :

hi + ni + ni = 6

2 1 1

1 2 1 ⑦ DEG =3

1 1 2

therefore an energy equal to En ,z= Em , = Eun =
6k¥

8mF

3) En
, ,n , ,n ,

= 9kZ_ means that we have

8ha
'

two
energy

levels ni=2 and
one hj = ^

hi + ni + ni = 9

7 2 2

2 1 2 ⑦ DEG =3

2 2 7



for En
, ,n , ,n ,

=
^^h
8ha

'

ni + not + hi = →

7 1 3

1 3 1 | DEG =3

3 1 1

for En
, ,n , ,n ,

=

12th'

⇒

hit + not + hi = 12

2 2 2 } BEG = 7 (No DEGENERACY)

for En
, ,n , ,n ,

=
14k¥
8ha

'

ni + not + ni =

i7 2 3

1 3 2

2 7 3

2 3 7 DEG = 6

3 1 2

3 2 1



if one
dimension is different the

energies are

Kai

Fu (
"÷"" + 1¥ )E

un
, nz , hz

=

=

the (niE
-8mn of c-

let's look at the first few states

trial
Enn = ( £2 + E)87

= ÷:( i÷" )

Enna = TIE 2¥÷
8m

Enz
,

= Ez
. .

= 5c[÷

etc
. . .

- see section 3.2 of Rae

- understand figure 3.1



Is the order of the states dependent on the choice

of a & c ?

Eat ( i + IE )then
, nz , hz

=

FL

Enz =

£2 " ( I, + %)-8m

Enz,
K2H

= Em =

= ( É + %)

Enz > Even if

5

I. + I >
⇐ + I

¥ > £2 =D a > c

therefore ,
the order of the states changes wet

the choice of a 2 c.

for a > C Enz > try = Ezrin

for a L C Enz L Eazy = Ezra



Now
,

we consider a
harmonic potential in 3D

,

that is the 3D harmonic oscillator
.

✓ (x. y ,
t ) = I m ( wix

'

t wi y
'
+ wife' )

We want to find a solution ( in the form of

wavefunction ) to the following Sahib tinges equation :

- II o 't t Im ( wix
'
+ wig't WE E) I = EVI

We know that
,
since the potential is SEPARABLE

,

we can try a separable solution of the fun ,

E- (× , g. t ) = 4×41 Ugly ) 4=4)

Dividing the schiihmgeneg.bg if we obtain three

separate his harmonic oscillators
.

- ¥[ If 02 IT t Im ( wit
'
+ wig't W5E ) = E

- Eh € 19×+1 mwix '4× t

- Eh € 49, + I mwiy '4y t

- Eh € ? % + I m witch = Eat Eat Ez = E



We know that the solution of the → h .o .

are the Hermite polynomials .

For ×
, fr example ,

"
×

.
.

= 1¥ )
"

exp f- 2)

"
×

.
.
= (¥×)" ×

'

exp f- E
"

)

where d× = mh 2 ×
'

= M¥7 X

and similarly fn the other variables
.

In this
way ,

the total ground state wave function
is

To = 4×10 g. 0 Z
, 0

= 4×11,4 )
"

exp f- Elx 'Ig'It 'T )

while the
energy is the sum of the single

{menstrual energies .

E= E
, + Ez + Es =

= tw
. ( un + E) t twz (nzt E) t twz (most} )



If wn = we = W3 the
energies are

Eun
, nz , ng

= htw ( Unt Uz t ng t Iz )

Eooo = Zz Kw

Enoo = Eono = too
,

= Ez Kw

Enno = Eon
,

= Eno
,

= Ez•• = Eozo = Eooz = Iz Kw

Erinn = Ezno = Ezo , = Enoz = Enzo = to > z
= to
,

= I tw
2

Enz = Enz, = Em, = If tw

EN22 = E
2^2

= Ezz
,

= If tw



tips

when we are dealing with a separable potential
e. of . ✓ ( × ,yiz ) = V×(x) Ugly) Vzlz) ,

we have

a separable solution 4(✗ if ,z ) = 4×(+1424142-4)
and the

eigen energies
will be the sum of

the single energies ,
E = E-

✗ + Ey + Ez


