
-

• 4 is a probability amplitude

• 1412 in a probability density
• 141×112 dx probability of finding the particle

in [ ✗ ,
✗ + dx ]

normalization condition : / 144112 dx = n

all
space

The reason we
do this is that we want the

probability of finding the particle in its

domain to be
±



{ Blah
- ✗ 2) for - a ex ± a

4( x) =

0 otherwise

(a) normalization
:

a

B- | ( a2 - ✗ 2)
2

dx = 1

- a

= BZ f.ci/dx+/x4dx-zafx2dx ]
5

,
-

Got ]= B- [ 2 a + 2- a
'

-3

= 132 [
30+6-20 as ]15

= 132 I as = 1
^5

g-
a-%→ B =

15T

a
z

(b) < ✗
'
> = / B ( a2 - x2 ) ✗

<

( a2 - ✗2) dx
- a

=
BZ | ( at - ✗

'

) ( a' ✗2- ✗4) dx

= B
'

f ( ah ✗2- a2xh - a- ✗ " + ✗
°

) dx

= B- it ( § - É t Ef )

= ÷ÉÉ it I = I a-
105



(c) Lpf > = B
'

f (a2 - ✗2) ( - hi 0×2 ) ( a2 - ✗2) dx

=
- E B

'

f ( a
'
- x2 ) ( - 2) dx

= ZK2B
' / / a' dx - f x2 dx )

= 242132 f. za
'

- § as ]

= § tiBZ as

= § ti a-
5

as = ¥ ti a-
2

:
(d) < p× > = / B

"

( a2 - x2 ) - itf ( a2 - ✗2) dx
- a

= - it B
" / ( a2 - ✗2) ( - 2x ) dx

a

Ts / odd = 0

- a

DX = 2×5-4>7 = a2

BE = cpj>-cp =

☐ ✗ Bp
,

= F- t



f- KX2
h =3

n=2

n=s
En = Kw ( n -1^-2 )

h=o

✗

(a) time
- independent Scheidemann eg

.

Ñ4
= E4



I
= P ? + I KX2
In w=E[
Eh

2

= -5m£ + É new2×2

^

H4K) = E4( × )

2

- ¥[ I 4(x) + -2 new
'
✗
2

4(×) = E- + cx)

-É
(b) ulx) = A e

-
I 7×2 u(x) +

I K ✗
2

ulx) = E ulx)
2in 2

-

hi

Inn ( Ff ) I # ulx) ) + I KX2 uh = Eucx )

-

¥ m¥Y 2×2 u(x ) + ¥ me
in

me 2£
U (× )

+
I KX2 u(x ) =

E ll ( x)
2

To be an eigenfunction ,
the pieces

dependent on ✗
2 need to cancel out

.

1k¥ m÷¥
ok

= Ww2
→ w = If



On the other end
,

we are left with

£2 newEU ( x) =

2£
U (x )

I

therefore
true

E = 2-

which is the
energy of ulx) ,

i. e.

the ground state of the h.co
.

To find E (w ) ,
we write I a p^ as :

I
= IF ( it -1 a)

I = i HIT tat - ie )

which gives ,



ie = ÷[ ( i + f)

N

it = ¥[ ( I - p )

rewriting the Hamiltonian in the new variables
,

hi = tw ( nata + E)
7

where It In > = nT In -1^3

in In > = rn In - n >

the new Ñ tells me that

Ñ In > = tw ( N + E) In > = E In >

→ E= kw ( n + E)

(c)

>

✗

ulx ) is a gaussian wave function , wearing

it is multiplied by the first Hermite

polynomial Ho( ×) = 1 ( while Hn ( x ) = zx
,

Hzlx ) = 4×2-7
,

etc
. )



To find the ground state u
.

we need to

find the solution to a^ u
.

=o

In
✗

, p coordinates
,

I uo = m÷n ( ✗ + F) no

=
Mw ( ✗ +

K %) no
a- =w

=

new ^

%) Uo(I ✗ +
-2

= 0

→ 7× no =

Mw
- ko
te

Sol : U
.
= A e- IF

✗
2

(d) the n - th excited state is the Hermite f
"

44
- [¥h ✗

2

until = Én! CEE ) e Hn /mÉ× )

with h= 0,1 ,

2
,

- - .

Here
,
Hu is a

Hermite polynomial of degree n

(e) Normalization :

to

z - mT
= 1/ A e dx

- -

new ✗
2

- a ✗
2

f e dx = IT → / e- → dx = ñ±[



A2 ñh = A
new

A=(£÷j
"

(f) consider ✓ (× , y ) = I K ,×
'

+ I kzy
'

we
know that

, if the potential is separable ,
the total

energy is the sum of the energies ,

En
, in,

= twn ( m + E) + KW2 (not 1)

(g) In the special case K
,
= ka

En
, ,n ,

= tw ( n , + he + n )

to
,o

= Ew
, deg = 1

En
,o

= Eo
,
>

= 2kW
, deaf = 2

Ez
,o

= to
,z

= En
,
a
= 3kW

, deaf = 3




