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na) Show that the velocity tistnbutioie f± is normalised .

girl =I¥ expl - III )

NI condition of normalisation : Afk)

fixed" = .

D
×

•

1

where D is the domain of flx)

to

Ida girl = Idrx exp 1- EE!
-•

=ffdrx exp f- I ]ZX

where a = k¥1 zo
t¥fgd

+ •

Using fdx exp f- II ] = ZE7 ,
-a

[Flux glrx ) =# 22T = 1 → NoRhtLIstf



nb ) Show that crxs = 0

_NB Luis is called 1st moment of v×

It is defined as Cox > = rx if glrx)
to

{ drxrxglrx) = fdrxm-frxexpf-II-IIZ-hks.tt
-w w-

odd even

\
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The integral is an ODD f
't
on the domain of

definition .

The integral on the entire domain is

therefore 0 .
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Show that crx
'

> =
KI
m
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NI Lois is called 2nd moment of vx

It is defined as cut > = rx right
to

Ida right = Idrx riexpl - EE!
-•

= f- fdrxki exp f- IE12IX 2 &

We want to use the integral :

I}× ×
' e-
•
= F- ,

but before ,
we have to change variable and

"

fix
"

the domain of integration .

y
'
= ¥ , 5×2=2×8 , if = Tay

da = Fly

the integral becomes

to

[drx of glrx) = ¥+1 ⇐ dy 2dg' expf- y ' ]
- -

•

= 2¥ f dy y ' exp f- y' ]
- •-

even



NI since the ft is EVEN
,

[Egg.it'=zI?yy' it

=D rigor) = ¥ [dy ya e-5
= If I}y g. e- 8

÷
= If I4
= d

= KBT
= I



2) the Maxwell - Boltzmann distribution foe
an ideal

gas
is :

pls ) de = If p
"

F exp f- BE ] de

< a) Normalisation comtotion : § flx) dx = 1

amain

a.b) Show that pls) is properly normalised
.

+

Ide pls ) = ¥ p
" {Is E expf.pe]

o
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we want to use the integral IF e-
×
dx =
I
2

0

but before we have to change variable .

if = PE ,
E = ¥ yr , dy= fade ,

de = fly
to+

Floe pie ) = If p
" I £ dy £ yr exp f- y]

O
o

= ¥ 1%5 it
-

E.
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= 1 0kg



2C) Using {°x% e-
×

dx = s

& eguipantiti.am theorem
,
show that p =L

KsT

The eguipantition theorem relates the average energy

per particle with the temperature of the gas in

thermal equilibrium .

For a MONO ATOMIC gas in 3 DIMENSIONS is :

(E) =
I ksT
2

in general , (E) = dof . Iz test
-

every quadratic degree of freedom ( in this case 3)

We calculate (E) ,
the 1st moment of E

(E) = [de E pls ) = ¥ p
" ¥E {" expf-p.se] ,

we change variable

y = PE ,
E = f- y ,

de = Ipdy
"

[ de E pls ) = If p% [If dy I, y% e- t



= ¥ I [I g" it
1-

3- E
4

(E) = I £
and from equip-titian theorem LE7 = I test

2

I G- = I k•T =D P = KIT 01



> a) State the meaning of pxlrx ) drx .

p×lr× ) da is the probability of finding a particle

with velocity between [ rx ,
rxxdrx ] .

"

*
flat pxlrotdo)

>b) Assume that p×lr× ) = exp f- arx
'

]

Show that for IDEAL 2D gas the speed lists .
is :

ptv) do = frexpl - ar ' ] do

with ✓ = and f is CONSTANT .

• The 2- is probability of finding a particle with

velocity between Lux , rxtdrx ] a fry , ryxdry) is :

plrxlplryldrxdry
÷
plot ardvdol



In more detail
,
in VELOCITY - space we have :

these are all the possible states

is 144
of the velocity
-

÷÷÷÷÷÷÷÷
I

↳ Elise do)Z↳
[✓
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We want to find the state in an infinitesimal portion of
area in the velocity space .

We do this in plan coordinates
.

The highlighted infinitesimal area is :

Tv ( rt do}- Ter ' = I#42 -12015 - if )
•

- - 2nd other
LARGE - SITE
area

= 2h ✓ do

from here
,
we have the "

v
"

dependence



3C) Find f by requiring plr ) NORMALISED

the integral is { and
f Fdr vexpt-av.INT/uotEbecwseifo;rx4rT0

changing y= art , r=£yf ,
dr= Iffy toy

+ •

= f 1dg Ea of £4 it
0

= f 't [ e-tdy
:

= f I 1- it );

= f Ia ( - o - I - n )) = 1 for NORMALISATION

f Ia = 1 =D f=2a
of

31 ) the prefecture in 2D is
"

✓
"

( see previous derivation )
while in 3D is

" 02
" because of the infinitesimal

spherical surface we find deriving the probability .

plot =p
, lrxlpylry ) pzlre ) drxdrydre
-

4202 do

-
.

where ✓ = 0×2 try + of

Again the volume in probability space is :

Iza (5+10)
's

- Is IT = tgI( $+30215 -13#4dµ ) = 4k 0215
•

2.
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3. e) Relation particle speed 2 energy E= fruit
show that

:P
(E) DE = In exp f- ZEE] dE

We have Plr) do = 2A ✓ exp f- at ] do

✓ = FEET ,
do = If If DE

plus ) do - PCE )dE = 2a£f # exp f- II E) 1µg # DE

= Im exp f- If E) DE
0kg

>f) Average energy of the particles in 2D

(E) = [E p (E) DE NI E = Ever' E can NOT

0 be NEGATIVE
+-

= Im [ E exp f- Em E] It =D I
0

0

y= Fine E ,
E = Fay ,

DE = Eady

⇐s = ¥ [ Fay e-t Eady
0

+•

= Ea f y e- they

÷
= I 0k
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> g) Egvipantition theorem : LES = dof . Iz test
to

quadratic degrees of freedom
In 2D CE3 = k•T .

Krs T = I =D a =M2A
2KM

zh ) Calculate the probability that the energy of a

particle randomly chosen is less than k•T .

We have the probability density .

To calculate

the probability fr a particle to be within

a
certain

energy , we have to integrate PLE)

up to the
energy considered

.

Kat

P (Eckst ) = / p (E) DE

0

kzT

= ¥ I exp f- ZEE] It
°

= TEE [
'

exp f- FEET, E) It/ ZksT - r

= It [
"

exp f- It E) LE

= f- k# ( e- KITE]
Kot

0

= - I e-
'
- e° ) = 1 - et = 63 %
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